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Abstract. [| Let M be a generic CR submanifold in C™'+"', 
m = CRdim M > 1, n = codim M > 1, d = dim M = 2m + n. 
A CR meromorphic mapping (in the sense of Harvey-Lawson) is a 
triple {fjVf, [Tf]), where: 1. / : Vf ^ y is a C^-smooth mapping 
defined over a dense open subset Py of M with values in a pro- 
rS I jective manifold Y; 2. The closure Tf of its graph in 0™+" x Y 

Cd ' defines a oriented scarred C^-smooth CR manifold of CR dimen- 

sion m {i.e. CR outside a closed thin set) and 3. Such that 
d[Tf] = in the sense of currents. We prove in this paper that 
{f,Vf, [Tf]) extends meromorphically to a wedge attached to M if 
M is everywhere minimal and C^ (real analytic) or if M is a C^'" 
globally minimal hypersurface. 
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ON THE LOCAL MEROMORPHIC EXTENSION 
OF CR MEROMORPHIC MAPPINGS 



J. Merker and E. Porten 



Since the works of Trepreau, Tumanov and Joricke, extendability properties of CR functions 
on a smooth CR manifold M became fairly well understood. In a natural way, 1. M is seen 
to be a disjoint union of CR bricks, called CR orbits, each of which being an immersed CR 
submanifold of M with the same CR dimension as M ([^) ; 2. A continuous CR function / 
on M is CR if and only if its restriction f\ocR is CR on each CR orbit Ocr (0, |l3, ||l6l) ; 



3; For each CR orbit Ocr, there exists an analytic wedge W°" attached to Ocr-, i-e. a conic 

complex manifold with edge Ocr and with dimcW"" = diin-[i{OcR) — CRdim M, such that 

each continuous CR function on Ocr admits a holomorphic extension to W"" (|21|, 0, p2| , 

U]). The technique of FBI tranforms ([^) or deformations of analytic discs 



brings up the construction of the analytic wedges in a semi-local way. 

This paper is devoted to the question of meromorphic extension to wedges of CR mero- 
morphic functions in the sense of Harvey and Lawson ( ^ , see also [|T^ ) . 

The classical theorem of Hartogs-Levi states that, if a meromorphic function is given on 
a neighborhood V{bQ) of a bounded domain f2 CC C""*"^, m + 1 > 2, then it extends mero- 
morphically inside Q. Using the solution of the complex Plateau problem, i.e. attaching 
holomorphic chains to maximally complex cycles in the complex euclidean space, Harvey and 
Lawson proved the following Hartogs-Bochner theorem for meromorphic maps: If m + 1 > 3, 
any CR mapping bQ -^ Y, with values in a projective manifold Y, extends meromorphically 
to Q. The method allows indeterminacies : a CR meromorphic mapping is defined by Harvey 
and Lawson as a triple {f,Vf, [F/]), where / : Vf — * F is a C^-smooth mapping defined over 
a dense open subset T>f G M = bQ with values in a projective manifold Y; the closure Tf of 
its graph in C"*"^^ x Y defines a scarred C^-smooth CR manifold of CR dimension m {i.e. CR 
outside a closed thin set) and such that d[Tf] = in the sense of currents. The case m = 1 
was open until Dolbeault and Henkin gave a positive answer for C^ CR mappings / using 
their solution of the boundary problem in CP", n > 2 (0). For continuous / with values in 
a compact Kahler manifold the second-named author devised a different proof, relying on the 
fact that bQ is a single CR orbit and that the envelope of holomorphy of V{bQ) contains Q 
(jlSlI, see Section 4). 

Recently, Sarkis obtained the analog of the Hartogs-Bochner theorem for meromorphic 



maps, allowing indeterminacies ([|T9|) see Section 4). The main idea is to see that the set Sj of 
indeterminacies of {f,T>f, [Tf]) is a closed subset with empty interior of some C^-scarred sub- 
manifold A C M = bQ, with codiniMA = 2, and that / defines an order zero CR distribution 
on M\Sj. Then the question of CR meromorphic extension is reduced to the local removable 



singularities theorems in the spirit of Joricke (|0, 0, 0). We would like to mention that these 
removability results were originally impulsed by Joricke in 0] and in |^. 

The goal of this article is to push forward meromorphic extension on CR manifolds of 
arbitrary codimension, the analogs of domains being wedges over CR manifolds. It seems 
natural to use the theory of Trepreau-Tumanov in this context. Knowing thinness of Sj 
(Sarkis) and using wedge removable singularities theorems (|T^, |T^, [0), we prove in this 
paper that a CR meromorphic mapping (/, "D/, [F]/) extends meromorphically to a wedge 
attached to M if the CR generic manifold M is everywhere minimal in the sense of Tumanov 
and real analytic, C^-smooth. We prove also that such CR meromorphic mappings extend 
meromorphically to a wedge if M is a C^'"-smooth (0 < a < 1) hypersurface in C™"*"^ that is 
only globally minimal and we prove the meromorphic extension in any codimension if M is 
everywhere minimal and if the scar set Sc(Sj) (in fact Sc(A)) of the indeterminacy set Ej is 
of {d — 3)-dimensional Hausdorff measure equal to zero, d = 2m + n = dim M. These results 
are parallel to the meromorphic extension theorem obtained by Dinh and Sarkis for manifolds 
M with nondegenerate vector- valued Levi- form (0). 

We refer the reader to Section 4 which plays the role of a detailed introduction. 

Acknoweledgement. We are grateful to Professor Henkin who raised the question. We also 
wish to address special thanks to Frederic Sarkis. He has communicated to us the reduction 
of meromorphic extension of CR meromorphic mappings to a removable singularity property 
and we had several interesting conversations with him. 

1. Currents and scarred manif olds. In this section, we follow Harvey and Lawson for a 
preliminary exposition of currents in the CR category. This material is known, and is recalled 
here for clarity. Let U C C""*"" be an open set. We shall denote by V^{U) the space of all 
complex- valued C°° exterior fc-forms on U with the usual topology. The dual space to V^iU) 
will be denoted by V',^iJA). We adopt the dual notation V',^ilU) = i?'2{m+n)-fc(^) and say that 
elements of this space are currents of dimension k and degree 2{m + n) — k on U. In fact, 
every /c-dimensional current can be naturally represented as an exterior {2{m + n) — A;)-form 
on U with coefficients in 1^2m+2n(^)- 

We let d : V^iU) -^ V^^^ilA) denote the exterior differentiation operator and also denote 
by d : r'fe+ilW) -^ V'kiU) the adjoint map {i.e. d : p'2(m+n)-fc-i(^) ^ p/2(m+n)-fe(^))_ 

In the following, T-C^, 5' G R, < g < 2m + 2n, will denote Hausdorff g-dimensional measure 
on C*"^". The notation Til^J^E) < oo for a set ii^ C C™"'"'^ means that, for all compact subsets 
K CC E, W{K) < cx). 

We have the Dolbeault decomposition V''{U) = Q)r+s=k1^^''^ (J^) and its dual decompo- 
sition P;(W) = ®r+s=kK,si^) (or r"2(™+")-fc(w) = ©^+,=fcP""+"-^'"^+"-^(W)). A current in 
'D'^giJA) = p'™'+"-^''"^+"-*(^) is said to have bidimension (r, s) and bidegree {m+n—r, m+n—s). 
Given a current T G V'^.(U), we will denote the components of T in the space V'^g(U) = 
j)i m+n-r,m+n-s ijj-^ l^y ji^^^ q£ rj^m+n-r,m+n-s . ^j^g subscripts refer to bidimeusiou and the su- 
perscripts to bidegree. Thus 

r+s=k r+s=k 

Let M be an oriented d-dimensional manifold of class C^ in U with Tif^J^M) < oo (we refer 
the reader to the paragraph before Proposition 5.7 for a presentation of Hausdorff measures). 



Then M defines a current [M] G V^{U), called the current of integration on M, by [M]((y9) = 
J^fj for all ip G V^iU). Furthermore, d[M] = if hM = by Stokes' formula, in particular 
if M is a closed submanifold of U. An obvious remark is that [M] = [M\cr], for all closed sets 
a gU with 7i'^{a) = 0. For example, pure d-dimensional real or complex analytic sets ^ dU 
have a geometric decomposition in a regular and a singular part, \E' = Reg(\l/) U Sing(\E'), 
with Reg(\E') n Sing(\Ef) = 0, Reg(\E') is a closed rf-dimensional submanifold of M \Sing(\E^) and 
7i'^(Sing(\l')) = 0, so one can define \^] = [\E'\Sing(\E')] = [Reg(\E')]. In the smooth category, it 
is convenient to set up the following definition. Let r > 1 and work in the C^ category, r > 1. 

1.1 Definition. (0, [0). A closed set M in a real manifold X is called a C-scarred 
manifold of dimension d if there exists a closed set cr C M with Hf^^i^a) = 0, such that M\a 
is an oriented C^-smooth c?- dimensional submanifold of X\a with 7ifg^{M\a) < oo. 

The smallest set a C M with the above properties is called the scarred set of M. We adopt 
the notation a = Sc(M) and Reg(M) = M\Sc(M). Nonetheless, if M is C^-smooth, d[M] = 
of course does not imply that d[M\a] = for a set a C M with Hf^^i^a) = 0. 

Let M be a C-scarred manifold of dimension d. It follows from Stokes's formula that, if 
7if~^(Sc(M)) = 0, then the current [M] has no boundary, i.e. d[M] = 0, in particular if M is 
a complex analytic set. The current [M] given by integration over M\Sc(M) is well defined, 
but to retain the local behavior of a smooth current of integration, one must add the condition 
that d[M] = locally, or globally, to have a globally closed object, for example to solve a 
boundary problem. 

When M is noncompact, the condition d[M] = shall mean the following: (i([M] (lU) =0, 
for each oen set U GG X with Int U = U. One says that d[M] = locally. 

1.2. Definition. M is called a C-scarred cycle if, moreover, d[M] = locally. 

This condition is geometric in nature and is rather independent of the measure-theoretic 
largeness that 7if^^{Sc{M)) = 0. It corrects globally the singularities (think of dim M = 1). 

2. Geometry of M and CR currents. Our purpose in this section is to study the meaning 
of the notion of a CR meromorphic mapping (/, Vj, [Tf]) in the sense of Harvey and Lawson, 
in particular the implications underlying that [Tf] defines a C-scarred manifold. Following [Q , 
we begin by establishing various useful equivalent formulations of the notion of CR functions. 
These definitions take place in the category of CR objects and CR manifolds. Any locally 
embeddable CR manifold being embeddable as a piece of a generic submanifold in C™"*"", i.e. 
with CRdim M = m and codim M = n, we set up these concepts for M generic. 

Let M be a C-scarred CR manifold of type {m,n) in C™'"'"", i.e. of dimension 2m + n, of 
CR dimension m and of codimension n. Denote by t G C'""'"'^ the coordinates on C™'"'"". Near 
a point pq G Reg(M), M can be defined by cartesian equations pj{t) = 0, 1 < j < n, where 
dpi A ■ ■ ■ A dpn does not vanish on M. We then have 

r;M = TpM n JTpM = {X e T^M -. %(X) = O, j = l, ..., n}, 

where J denotes the usual complex structure on TC^^"^. Then J can be extended to the 
complexification T^M (g)R, C with eigenvalues ±i. Let T^M ®C = T^'^M © T^'^M denote 
the decomposition into the eigenspaces for i and —i respectively. Then there is a natural C- 
linear isomorphism from TpM to Tp''^M given by the correspondence X \~^ Z = |(X — iJX). 



Moreover, the operation of complex conjugation is well-defined on T^M ®r C and we have 

T^'^M = Tp'^M. 

Suppose now that / : M ^ C is a function of class C^. /is called a CR function if Lf = 0, 
for every section L of T^'^M, i.e. f is annihilated by the antiholomorphic vectors tangent to 
M. Equivalently, the differential df is complex-linear at each point p G M, df{JX) = idf{X), 
for all X G T^M. The first definition continue to make sense for the wider class of CR 
distributions on M. 

To check a generalized definition in the distributional sense, let f/ C M be a small open 
set, let li,...,lrn £ T{U,T^M) and let Ai,...,A„ G T{U,TM) with li, Jli, ...J^n, Jim, ^i, ■■■, ^n 
linearly independent. 

These vector fields determine splittings TU = T^U © Au and T*U = T^U* ® k}j of the 
tangent bundle and the cotangent bundle T*M restricted to U . The two spaces T'^M, called 
the complex tangent bundle, and H^M = (T'^M)-^, the annihilator of T'^M in T*M, called the 
characteristic bundle of M, are canonical; the other two depend on the choice of a splitting. 
Let II, Jll, ..., l^, Jl*^, A*, ..., A* be the dual covector fields. Naturally, if / G C^{U, C) : 

m n 

df = T.Um + JW)Ji]) + E ^kU)K- 

3=1 k=l 

Then one can define an induced d operator on M by 

m 

where Lj = |(/j + iJlj) and L^ = {I* — iJl*), for j = 1, ...,m. Clearly, the kernel of Dm is 
the ring of CR functions on M, and the definition of Om is independent of the choice of local 
vector fields. However, the operator does depend on the choice of the splitting of TM. 

Note that if we extend the local vector fields used in the definition of Om above, to a 
neighborhood U oi U in 0"^+", then we have d{f) = ET=iLj{f)L* + Ek=iMf)K^ where 
Afc = ^(Afc + iJXk) and A^, = (A^ — iJXl), for k = 1, ..., n. If, furthermore M = {pi = • • ■ = 
Pn = 0} as above, then along M we can assume that A^ = dpk = {dpk + id^pk). 

2.1. Proposition. Let M be a piece of a C^ -smooth manifold with dim M = 2m + n, closed 
in an open setU C C™"'""'. Then the following conditions are equivalent. 

(i) dimcTpM fl JTpM = m for all p e M ; 

(ii) J^j a = for all (r, s) -forms a onU with r + s = 2m + n and \r — s\ > n ; 

(iii) [M] = [M]m,m+n + [M]m+i,m+n-i H h [M]m+n,m, whcrc [M]r^s arc thc Compo- 
nents of the current of integration [M] with respect to the Dolbeault decomposition; 

(iv) M is locally given by n scalar equations Xj = hj{y,w), j = 1, ...,n, in holomor- 
phic coordinates t = {w, z), w & C", z = x -\- iy E C", with hj{0) = and dhj{0) = 0. 

The proof is omitted. When M is C^-scarred, it is natural to allow singularities also for 
maps defined over M. The precise formulation is due to Harvey and Lawson ([^, II) and 
favores the graph viewpoint. We transpose it in the CR category. 

2.2. Definition. (0). Let M be a C^-scarred submanifold of C'"+'^. Then a C-scarred 
mapping of M into a complex manifold F is a C-smooth map / : Vf —* Y defined on an open 



dense subset Vj C Reg(M) such that the closure Tf of the graph {{p,f{p)) E Vj x Y} in 
Qm+n ^ Y defines a C'-scarred cycle in C™+'^ x Y, i.e. d[T j] = 0. 

Scarred C mappings will constantly be denoted by {f,Vf, [Tf]), to remind precisely that 
they are not set-theoretic maps. 

2.3. Definition. (|§], ^). {f,'Df, [Tj]) is called aC-scarred CR mapping ii, moreover, [r^] 
is a C-scarred CR cycle of C'""'"'^ x F of CR dimension m. 

One can go a step further in generalization. Indeed, Harvey and Lawson have introduced 
the notion of maximally complex currents. Accordingly, CR currents arise as generalized 
currents of integration on CR manifolds as follows. 

2.4. Definition. Let Ai he a d = (2m + n)-dimensional current with compact support on a 
[m + ra)-dimensional complex manifold X. M. is called a generic current of type {m,n) if the 
Dolbeault components 

M.r,s = 0, r + s = 2m + n, for |r — s| > n, 

i.e. Ai{a) = for all (r, s)-forms a on X where |r — s| > n. 

Let A^ be a closed generic current of type (m, n) in an open set U C C™"^". Then 
M = M^'"" + ■■■ + A^"'° and dM = yield dM^^"" = 0, since [dA^|0'"+i = dM^'"", simply 
for reasons of bidegree. Using this remark yields four equivalent definitions for a C^-smooth 
function to be CR. [Tf] denotes the current of integration over the closure of the graph of 
/. Since d[Tf] = 0, 9[rj]°'"' = 0. The variable ( is used to denote a coordinate on C, 
/ : M — i> C. Property (iv) below can be used as a new definition. Let tt denote the projection 

2.5. Proposition. ([§]). Let M be an oriented real CR manifold of class C^ in an open set 
U C C"*^". Then, for any f G C^{M), the following statements are equivalent: 

(i) f is a CR function on M; 

(ii) dMif) =0; 

(iii) 9(/[M]0'-) = 0, i.e. JunMjdv = 0, for all y, G D™+".™-i(W); 

(iv) a(7r,(c[r/]™+„,„)) = 7r,(ca[r^]0'«) = o. 

Proof. Equivalence of (i) and (ii) is obvious. To prove that (ii) implies (iii), it results from 
duif) = that fdip = d{f{p) = d{f{p), since d{fip) = by bidegree considerations, hence 
by Stokes' formula, Jm f9<p = Jm^Uv) = 0- The converse is obtained by choosing adequate 
forms if. To prove that (iii) is equivalent to (iv), notice that d{f[M]^'^) = d{iT^:{(d[r f]^'"')) , 
obviously. 

The proof of Proposition 2.5 is complete. 

3. CR meromorphic mappings. The natural generalization of meromorphy to CR cate- 
gory must include the appearance of indeterminacy points, not only being smooth CR from 
M generic to P^(C) or to a projective algebraic manifold Y. The following definition was 
devised by Harvey and Lawson and appears to be adequately large, but sufficiently stringent 
to maintain the possibility of filling a scarred maximally complex cycle with a holomorphic 
chain. 

6 



3.1. Definition. (0, [T^). Let M be a C-scarred generic submanifold of C'"+"'. Then a 
CR meromorphic mapping is a C^-scarred CR mapping (/, Vf, [Tj]) with values in a projective 
manifold Y. 

By definition, a CR meromorphic mapping takes values in a projective algebraic manifold. 
In particular, if F = P^(C), the closure Tf of the graph of / over Vf defines a C-scarred CR 
manifold of type {m,n) in C"^+"- x P^(C) satisfying d[rf] = 0. Since any projective P'^(C) is 
birationaly equivalent to a product of k copies of P^(C) (P), we can set Y = P^(C) without 
loss of generality. 

Remark. We would like to mention that a map defined on a dense open set U C C™'"^" with 
values in P^(C) is meromorphic over U if and only if the closure Tf of its graph {{p, f{p) e 
U xP^{C)} defines a C-scarred complex submanifold of W x P^(C). This justifies in a certain 
sense the above definition. 



Let (ti, ...,tm+n, [Co : Ci]) = (^)C) denote coordinates on 0"^+" x P^(C) and let vr : C 



m+n 



X 



P^(C) -^ Qm+n (;jgnote the projection onto the first factor. 

3.2. Definition. ([0). A point p e M is called an indeterminacy point ii {p} xP^(C) C Tj. 
Denote by S/ = {p G M; {p} x P^(C) C Tf} the indeterminacy locus of /. 

The following two propositions are due to Sarkis ([[I^). The first one is a clever remark 
about thinness of the indeterminacy set Sj. We expose his proof for completeness. 

3.3. Proposition. (Sarkis, 0). Let M be a C^-scarred CR manifold of type {m,n) in 



im+n 



an 



d let {f,Vf, [Tf]) be a CR meromorphic mapping on M. Then: 



(i) For almot all a G P^(C), the level set Aq = tt{{( = a} fl Tf) is a C^-scarred 
2-codimensional submanifold of M; 

(ii) For every such a, the indeterminacy set S/ = {p G M; {p} x P"'^(C) C Tf} of f 
is a closed subset of Aa with empty interior. 

Proof. We begin by asserting that for almost all complex {m + ?2)-dimensional linear 
subspaces H of C™+" x P^(C), we have : 1. W^-^iTf n H) < oo and 2. Tf ■.= TfnH is 
a C^-scarred (2 + ?T,)-codimensional real submanifold of H. This follows by known facts from 
geometric measure theory, see 0. After a small linear change of coordinates in C™"^" x P^(C), 
this holds for almost every a G P^(C) with H = H^ = {( = a}. Write TJ = HaHTf. 
Obviously, Fj C M x {a} is a C^-scarred submanifold in Ha if and only if T'f is a C^-scarred 
2-codimensional submanifold of M. This gives (i). 

Assume by contradiction that Sj contains a nonempty open set C C Reg(Aa), so £ x 
P^(C) C Tf. For reasons of dimension, £ x P^(C) = Tf there. Indeed, dimR(£ x P^(C)) = 
2 + dimR^Z = dim^Fj. Let po G C That Tf is vertical over C near Reg(Aa) is impossible, 
since F/|x>^ is a C^-smooth graph over the dense open set Vf C M whose closure contains po. 

The proof of Proposition 3.3 is complete. 

Remark. The small linear change of coordinates above was necessary, since all the Ha can 
be contained in the thin set of H where 1 or 2 do not hold. 

A classical observation is that to each pair consisting of volume form dXM on an oriented 
C-scarred CR manifold M and an integrable function on M is associated a distribution Tf 
in a natural way by {Tf, ip) = f^ fipdXM- However, Tf depends on d\M- There is associated 



the transpose operator '^L of a CR vector field L G r(f/, T^'^M) with respect to c/Am, that is 
J^j ^L{%1)) (IXm = Jm '^L{ip)ip (IXm for all functions ip, ip with compact support. Then T/ is CR 
if and only if (Tj, '^L{lp)\ = if and only if / is CR. A distribution T on M is called a CR 

distribution if (T, '^L{(p)) = for all (p G V{M). Although '^L depends on the choice of cIXm, 
this annihilating condition is independent. Indeed, given dX\.j and dX^^, there always exists a 
function a G C°°(M, C*) with dX\.j = adX\,j, so "^ L{ip) = ^"^ L{a{p), whence the equivalence 
by linearity of distributions. 

The statement below and its proof are known if Sc(M) = 0, i.e. f is C^; here, the condition 
d[Tf] helps in an essential way to keep it true in the C^-scarred category. 

Proposition 3.4. (Sarkis, [1^). Let M be aC^-scarred CR manifold of type {m,n) in C™+" 



let {f,'Df, [Tf]) be a CR meromorphic mapping on M and let Ey = {p G M; {p} x P^(C) C 
Fj}. Then there exists an order zero CR distribution Tf on M\Sj such that Tf\j) = f . In 
a chart {U,C) of M x P^(C) with {U x {oo}) fl T f\u = 0, given a volume form dXu on 
M\Sc{M), Tf zs defined by 



[r/](C7r*(v5C^AAf)) = / Ctt*{(P dXu), 

forallipeC^iU). 

Proof. As before, n : U x C ^ U denotes {z,() ^-^ z. By assumption, U C M\S/. Since 
U X {cxd} n Tf\u = 0, one has sup^^p i^ |C| < cxd. Let V CC U be open, V compact and let 
^eC^{V). Then 

\{Tj,^)\ = \Tj]{C7T*{^dXM))\< sup Id n'iVfniVxP'icmifWL^^u) 

{d = dimM), which proves that Tf is a distribution of order zero over U {Tflu G L^^(M).) 

Tf is clearly equal to the distribution associated with / on the open dense set T>f C M 
where / is C^. Indeed, 

V y. G C^{U), {Tf, ^)= I C7i*{^dXM) = I f^dXu = (/, ^) . 

Let now L G r{U,T^'^M) and complete the pair {L*,L ) in a basis {L*,L ,L2,Iv2, ..., 
L^, L*^, A*, ..., A*) of T*M, so that, furthermore, 

dXu = i-j L* A L* A L; A L* A • ■ ■ A L;; A L^ A At A ■ ■ • A a;. 

By Stokes' formula, fjj 'pL{il))dXM = — fu ^i'^)'4'dXM for all (p,^/j E C^{U), so that the trans- 
pose '^L equals —L in the above chosen frame. One must prove that (Tf,'^L{ip)) = 
for all (p G C^{U). To do so, notice that by introducing the (2m + n — l)-form d/iM = 
(D'^L* A L^ A L2 A ■ ■ ■ A a;, one has 

L{ip)dXM = dMiy^dftM) = d{ipdfiM) 



on M, since Om = Z)jLi Lj{.)Lj and d\M = Qm- Therefore, 

%M^)) = [Tf]{Cn*{d{^dfiM))) = [r^]°'"(9(Cvr*(y.ci/iM))) = 0, 



by the above-noticed fact that 9[r/]'''"' = and since d{('7i*{ipdfiM)) is a (m + ra, m)-form on 
U xC. 

The proof of Proposition 3.4 is complete. 

Remark. In fact, / induces an intrinsic CR current [Cf] on M\Sj by [C/](a;) = [rj](C7r*a;) 
in a chart as above. CR distributions will be more concrete for the properties of extendability. 

4. Local extension of CR meromorphic mappings. Let f] be a bounded domain with 
connected C^ boundary in C", where n > 3 and let y be a projective manifold. Harvey 
and Lawson proved that any C^-scarred mapping f : bQ —>■ Y which satisfies the tangential 
Cauchy-Riemann equations at the regular points of / and such that d[rf] = in the sense of 
currents extends to a meromorphic map F : Q ^ Y. By considering the graph of / over bQ, 
it is a corollary of the following extension theorem. 

Theorem. (Harvey-Lawson, 0). Let {V,bV) be a compact, complex, p-dimensional sub- 
variety with boundary in P"(C)\P"~'^(C), where bV is a scarred C^- cycle whose regular points 
form a connected open set. Then, if p > 2q, every scarred CR map of class C^ carrying bV 
into a projective manifold Y extends to a meromorphic map F : V ^ Y . 

The case dimR(6r2) = 3 and bQ C^ follows from the work of Dolbeault-Henkin (^). 

Theorem. (Dolbeault-Henkin, [|]). Let D. be a bounded domain in C^, with 6fi of class 
C^ . Then every C"^ -smooth CR mapping bQ -^ P^(C) admits a meromorphic extension to fl. 

In a forthcoming paper, Sarkis generalized the above result allowing indeterminacies for / 
CR meromorphic and a holomorphically convex compact set K, in the spirit of Lupacciolu. 

Theorem. (Sarkis, ||19[)- Let Q be a relatively compact domain in a Stein manifold Ai, 
dim Ai > 2, let K = Ky^i^j^-^ be a holomorphically convex compact set and assume that 
bQ\K is a connected C^-scarred hypersurface in Ai\K. Then any CR meromorphic mapping 
[f,Vf, [Tf]) on bQ\K admits a unique meromorphic extension to Q\K. 

We would like to mention that the above theorem is known for / CR C^ or CR meromorphic 
C^ without indeterminacies, by other methods (|18[), see Theorem 4.2 below. 

Global and local extension theorems. A general feature of global extension of CR functions 
is that in many cases two independent steps must be stated : I. Prove that CR{M) extends 
holomorphically (meromorphically) to a one-sided neighborhood V^(M) (here, M is a C^- 
scarred hypersurface); II. Prove that the envelope of holomorphy (meromorphy) of V^(M) 
contains a large open set, e.g. f2 if M = bVt. Step II is known to be equivalent in both cases: 
the envelope of holomorphy and the envelope of meromorphy of an open set coincide. 

Theorem. (Ivashkovitch, ||^). Let Y be a compact Kdhler manifold and f a meromorphic 
map from a domain VL in some Stein manifold into Y . Then f extends to a meromorphic map 
from the envelope o/ holomorphy Vt of Vt to Y . 



Thus, every positive global extension theorem about CR functions extends to be a result 
about meromorphic CR mappings, provided one can prove by local techniques that they extend 
meromorphically to open sets V^(M) attached to real submanifolds M C C™"*"^. Indeed, the 
size of V''(M) can be studied by means of global techniques, e.g. integral formulas. In most 
cases, including special results in partially convex-concave manifolds, the disc envelope of such 
M will contain some attached open one-sided neighborhoods V^(M) or wedges W with edge 
M. 

In this direction, a classical result is the Hartogs-Levi theorem: Let Q CC C", n > 2, be 
a bounded domain and let V{bQ) be an open neighborhood of its boundary. Then holomorphic 
(meromorphic) functions on V{bQ) extend holomorphically (meromorphically) to Q. 

Therefore, it is of great importance to answer the question of Henkin and Sarkis (which 
was not raised by Harvey and Lawson in 1977): Is there a local version of the meromorphic 
extension phenomenon? {e.g. a Lewy extension phenomenon). If the CR meromorphic map- 
ping {f,Vf, [Tf]) does not possess indeterminacies, it is locally CR, so the answer is positive. 
We mention, however, that the most natural notion of CR meromorphic maps it the one where 
indeterminacies really occur, see Definitions 3.1 and 3.2. 

Thus, a satisfactory understanding of CR meromorphicity involves the local extension 
theory and various removable singularities theorems (Pj, [|ll|, [jl5[, Jl^, ||16[)- This paper is 
devoted to delineate some. 

CR meromorphy and removable singularities. Let M be a piece of a generic submanifold of 
Qm+n^ The local holomorphic extension phenomenon for CR(M) and V^j^{M) as well arises 
at most points of M, according to the theory of Trepreau and Tumanov. 

By a wedge of edge M at po ^ M, we mean an open set in C™"*"" of the form 

W = {z + f]; z eU,r]eC}, 



■<m+n 



for some open neighborhood U of po iii M and some convex truncated open cone C in Tp^^C^ 
i.e. the intersection of a convex open cone with a ball centered at 0. 
M is called minimal at po if the following property is satisfied. 

Theorem. (Trepreau: n = 1; Tumanov: n > 2.) Assume M c C"^+"- is generic, 
C^'" (0 < a < 1), CRdim M = m > 1, codim M = n > 1 and let p e M. Then there 
exists a wedge Wp of edge M at p such that CR{M), Ll^^^j^{M), L'^^^^^^M), V'(.r{M) extend 
holomorphically to Wp if and only if there does not exist a CR manifold S <Z M with S 3 p 
and CRdim S = CRdim M. 

By Proposition 3.4, all components of CR meromorphic mappings {f,T>f, [Tf]) on M be- 
have locally like a CR distribution outside the thin set S/ of their indeterminacies, therefore 
extendability properties hold everywhere outside Ej, if M is minimal at every point. Thus, to 
extend / along steps I and II, one is naturally led to the problem of propagating holomorphic 
extension up to wedges over Sj. It appears that Sj has small enough size to be coverable by 
wedges. Namely, in the hypersurface case, which has been intensively studied, all the neces- 
sary results are already known : A wedge attached to M\$, $ C M closed, codim M = 1, 
is simply an open set V'' {h = ±) containing at each point of M\$ a one-sided neighborhood 
of M such that IntV^ = V^. An open connected set Wo is called a wedge attached to M\$ 
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if there exists a continuous section 77 : M — >■ TmC"^~^^ of the normal bundle to M and Wq 
contains a wedge Wp of edge M at {p,ri{p)) for every p G M. A closed set $ C M is called 
W-removable (V*-removable if n = 1) if, given a wedge Wq attached to M\<l>, there exists a 
wedge W attached to M with holomorphic functions in Wq extending holomorphically to W. 
Joricke in the C^-sniooth case and then Chirka-Stout weakening the smoothness assump- 
tion, using the profound solution by Shcherbina of the three-dimensional Cauchy-Riemann 
Dirichlet problem with continuous data, showed: 

Theorem. (Joricke: C^ , [H; Chirka-Stout, [|]). Let M be a locally Lipschitz graphed 
hypersurface in C™+^, let J] G M be a closed subset with empty interior of a C^ -scarred two- 
codimensional submanifold A C M. Then S is V^ removable. 

In the greater codimensional case also, to prove local extension of CR meromorphic map- 
pings one has in a natural way to prove W removability of Sj. Let us denote by Sc(Sj) the 
scar set of a scarred manifold A which contains the indeterminacy set by Section 3. 

The main result of this paper is the following. 

4.1. Theorem. Let M be a smooth generic manifold in C^^", CRdim M = m > 1, 
codim M = n > 1 and assume that M is minimal at every point of M. Then there ex- 
ists a wedge Wq attached to M such that all CR meromorphic mappings {f,Vf, [Tj]) extend 
meromorphically to Wo (S/ is W-removable) under the following circumstances 

(i) n = 1 {hypersurface case), M is C^'" and {only) globally minimal: 

(ii) M IS C^'" and Ti'^-^ {Sc{T. j)) = 0; 

(iii) M is C^ {real analytic). 

Remark. The wedge Wq is universal: it does not depend on {fyVf, [Tj]). 

Remark. The smoothness assumptions make Theorem 4.1 weaker in the hypersurface case 
than the local meromorphic extension theorem that follows from the theorem of Joricke- Chirka- 
Stout or than the global theorem of Sarkis. Nonetheless, M need not be minimal at every 
point, see Lemma 4.4 below. 

Applications: global meromorphic extension. In the following results, it is known that V^(M) 
M = bQ, M = bQ\K-^, contain Q, fi\-f% respectively (|11|], [0]). In the meromorphic case 
they were proved by Sarkis ([|l9l, see also [l^, |]l3|, P, [|T7| ). 



4.2. Theorem. Let Q CC C"^^^ be a C'^-bounded domain. Then any CR meromorphic 
mapping {f,Vf, [Tf]) on bQ with values in P^{C) extends meromorphically to Q. 

4.3. Theorem. Let Q CC C^ be a C'^-bounded domain and let K d bVt be a compact set. 
Then any CR meromorphic mapping on bVt\K with values in P^(C) extends meromorphically 
to fi\i%; where K-^= {p e H; \f{z)\ < maxj^- |/|, for all functions / G H{V(Jl))}. 

Remark. In the above two theorems, the hypersurface M = bVt need not be everywhere 
minimal: CR(M) automatically extend holomorphically to some V^(M), since M is known to 
be a single CR orbit (0). To explain the phenomenon, we need some definitions. 

Let M be a C^-smooth CR manifold. The CR orbit of a point p G M is the set of all 
endpoints of piecewise smooth integral curves of T'^M with origin p. CR orbits partition M. 
Sussmann (see ||2l|, [ill) showed that each CR orbit Ocr possesses a structure of a smooth C^ 
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manifold making the inclusion Ocr ^ M an injective C^ immersion. By construction, each 
OcR is a CR manifold with CRdim Ocr = CRdim M. Each CR manifold as Ocr is locally 
embeddable as a generic submanifold of some C^, N < m + n. A CR manifold M is called 
globally minimal if M consists of a single CR orbit. 

The relevance of CR orbits to the extendability properties of CR functions are owed to 
Trepreau and yielded the following finest possible extension theorem: 

Theorem. (|^,|2^,|||,0,|]13). If M is a globally minimal locally embeddable generic C^'"- 



smooth (0 < a < 1) manifold, there exists a wedge Wo attached to M such that CR{M), 
LJocCRi^)' L^c.crW' '^crW extend holomorphzcally to Wq. 

Proof of Theorems 4-2 and 4-3. It is a fact that in the hypersurface case, thin sets as Sj 
do not perturb CR orbits: 

4.4. Lemma. Let M be aC'^ hypersurface in C"^^"*^ and let H be a closed subset with nonempty 
interior of some C^ -scarred two-codimensional submanifold A C M. Then, for all CR orbits 
Ocr C M, Ocr\{Ocr n S) zs a smgle CR orbit of M\S. 

Proof. The real dimension of a Ocr is > 2m and < 2m + n = 2m + 1 if n = 1 . So S is too 
small to make obstruction to an orbit. However, the lemma can fail in codimension > 2. 

Thus, Theorems 4.2 and 4.3 rely on the following properties. 

Proposition. Let M = bn or bn\K-^, codim M = I, M C^ and let {f,Vf, [Tf]) be a CR 
meromorphic mapping on M. Then 

(i) M is a single CR orbit (/|7^; 

(ii) M\S/ is a single CR orbit, hence f extends meromorphically to V^{M\Ef); 

(iii) Sj is V^ removable, hence f extends meromorphically to V^{M). 

One then concludes 4.2 and 4.3 with the Ivashkovitch theorem. 

W -removability. Theorem 4.1 is reduced to the W-removability of Sj. By Proposition 3.3, 
Ej is a closed subset with empty interior of some C^-scarred two-codimensional submanifold 

A C M, S/ C Sc(A) U Reg(A). Write E/ = ^ U $, $ = Reg(A) n E/, E = Sc(A) n E/, 
T-C'^~'^{E) = 0. $ is already known to be removable. 

Theorem. ([|T3|, [|TB]). Let M be a C'^'°' -smooth (0 < a < 1) generic manifold in 0"-+", 
minimal at every point, CRdim M = m > 1, and let N G M be a connected C^ -smooth 
submanifold with codimMN = 2. Then every proper closed subset ^ G N is W -removable. 

The purpose of Section 5 is to establish: 

4.5. Theorem. Let M be a C'^^'^-smooth generic manifold in C™+", globally minimal with 
CRdim M = m > 1. Then 

(i) Ifn = lorMis C^ , then any closed E d M with 7^,^™+"~^(E) = zs W removable; 
(ii) If M is minimal at every point, then any closed subset E G M with TCf^^^'^^E) = 
is W removable. 

Remark. Dinh and Sarkis obtained Theorem 4.5 assuming that M is of type one in the 
sense of Bloom-Graham, i.e. the first order Lie brackets of vector fields in T'^M generate TM, 
[T^M.T^M] = TM, for M C^-smooth (§). 
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LP removability. Let M be a locally embeddable CR manifold of class C^. A closed subset $ 
of M is called L^ removable, p > 1, if each function / e Lf^^{M) which satisfies the Cauchy- 
Riemann equations Lf = (in the distribution sense) on M\$ satisfies the equation Lf = 
on the whole of M, or, for short, if 



The authors have proved in [^ that L^ removability holds if W removability holds, for closed 
subsets $ C M with Hf~'^{^) < oo. Therefore: 

4.6. Theorem. Theorems 4-5 and 5.1 are true for U' removability, 1 < p < oo. 

5. Removable singularities. As pointed out in Section 4, the relationships between extend- 
ability properties of CR functions and the geometry of a CR manifold are adequately reflected 
by its CR orbits. It is thus natural to state a removable singularities theorem in the most 
general context. 

5.1. Theorem. Let M be a smooth generic globally minimal manifold in C™"*"" with CRdim M - 
m > 1, codim M = n > 1 and dim M = d = 2m + n. Then every closed subset E of M such 
that M\E is globally minimal is W removable under each of the following conditions 

(i) n = l, M IS C2'° and T-C^-^E) = 0; 

(ii) M IS C^'" and W^-^iE) = 0; 

(iii) M isC^. 



Proof. Following the scheme of proof devised in [|T5| and ||T6| , we present the developement 
of the proof of (i), (ii) and (iii) in five essential steps. Let E G M he closed with 7i'^~'^{E) = 0. 

Step one: Reduction to the removal of a point. By assumption, M\E is globally minimal. 
Then, according to the extension theorem, CR function are wedge extendable at every point 
of M\E. Nonetheless, the direction of the above mentioned wedges can suffer of discontinuities. 
Fortunately, the edge of the wedge theorem enables one to fill in larger wedges by means of 
attached analytic discs at points of discontinuity. Therefore, there exists a wedge Wq attached 
to M\E to which CR{M) holomorphically extends. 

Using a C^'"-smooth partition of unity on M\E, we can deform M inside Wq over M\E in 
a C^'"-smooth manifold M'^. Then, instead of a function / G CR{M\E), we get a function /, 
holomorphic in a neighborhood uj (= Wq) of M'^\E in C*""*"". The aim will be subsequently 
to prove that such holomorphic functions extend into a wedge Wf attached to M'^. The 
construction will depend smoothly on d, so that letting d tend to zero, one obtains a wedge 
Wi attached to M (for details, see Section 5 in |]T5|). 

The first key point is that the continuity principle along analytic discs with boundaries in 
UJ can now be exploited to show that the envelope of holomorphy of uj contains a wedge Wf 
attached to M'^. 

Let A denote the unit disc in C and bA its boundary, the unit circle. An embedded analytic 
disc A attached to M is said to be analytically isotopic to a point in M if there exists a C^- 
smooth mapping (s, () i-^ ^s(C)? < s < 1, C G A, such that Aq = A, each A^ is an embedded 
analytic disc attached to M for < s < 1 and Ai is a constant mapping A —>■ {pt} G M. 
Using Cauchy estimates and controlling connectedness, it is possible to prove (the embedding 
condition yields monodromy, |]T3[, Proposition 3.2): 
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5.2. Proposition. Let M be generic, C^'", let ^ be a proper closed subset of M and let uj 
be a neighborhood of M\^ in C™^". // an embedded disc A attached to M\$ is analytically 
isotopic to a point in M\$, then, there exists a neighborhood V{A{A)) in C"^+^ such that, 
for each function f G 'H{uj), there exists a function F G 7i(V(A(A))) such that F = f in a 
neighborhood of A{bA). 

Call a point p E E W removable if there exists a wedge VVp of edge M'^ at p with 'H{(jj) 
extending holomorphically to Wp. 
Define 

A = {^ d E closed; M\^> is globally minimal and M\^ is W removable in M\^> } 

and define E^r = nii,g^\E', the non removable part of E. Then M\Enr is globally minimal too. 
By deforming M'^ in a manifold {M'^Y^ over E\Enr, we can assume that we must remove Enr 
for T-C{V{{M'^Y^\Enr)) instead oi E. But Enr is the smallest non-removable subset oi E keeping 
[M'^Y^\Enr globally minimal. Assuming that Em- 7^ 0, we shall now reach a contradiction by 
showing that a point pi G Enr is W removable. We take now the notations E and M instead 
of [M'^'Y^ ■ Thus, to prove Theorem 5.1, it is sufficient to prove that the new E is removable 
near one of its points. 

According to Lemma 2.3 in [0, the fact that M\E is globally minimal and the existence 
of chains of infinitesimally small analytic discs approximating integral curves of T'^M insure 
the existence of a generic manifold Mi of co dimension one in M through a point pi E E such 
that Tp^Mi 75 Tp^M and E C M^ , the closed negative side of Mi in M, near pi. Let us quote 
this (elementary) differential geometric statement as: Let M be a C"^ manifold, let K C TM 
be a C^ subbundle, let E (Z M be a closed nonempty set and assume that M and M\E are 
both single K-orbits. Then there exists a point pi E E and Mi G M a C^ hypersurface with 
Pi G Ml, Tp^Mi 75 K{pi) and E C M{ near pi. 

Finally, by the definition of A, and by disposition of Mi, E C M{ , it suffices to show that 
Pi is W removable. Indeed, for a small neighborhood V{pi) of pi in M, {M\E) U V{pi) is 
globally minimal, as Tp^Mi ~^ Tp_^M. Thus, to prove Theorem 5.1, it is sufficient to prove that 
a neighborhood oi pi E E is W-removable. 

Step two: Existence of a disc. Let pi G -E as above and choose holomorphic coordinates 
{w,z) = {wi, ...,Wm,zi, ...,Zn), z = X + iy OB. C™""^" such that pi = 0, TqM = {x = 0}, 
TqM = {z = 0}, M is given by n scalar equations x = h{y, w), in vectorial notation, h{0) = 0, 
dh{0) = and Mi is given in M by the supplementary equation ui = k{vi,W2, ...,Wm,y), for 
a C^-smooth k with ^(0) = dk{0) = 0. We denote M^ = {ui < k{vi,W2, ...,Wm,y)}- 
Our first construction of analytic discs attached to M proceeds as follows. 

5.3. Lemma. (|T^, Lemma 2.4). There exists an embedded analytic disc A G C^'^(A) with 
A{1) = pi, A{bA)\{l} C M\Mi and i\e=oA{e^') = vq e T^^Mi. 

It suffices to take, for small pi > 0, the disc A{() with W^pi(C) = (Pi(l ~ C)?0, ...,0) and 
with Y component satisfying Bishop's equation y^^ = Tih{Ypj^,WpJ on 6A (here, Ti denotes 
the Hilbert transform L^(6A) — >• L^(6A) vanishing at 1, {Tiu){l) = 0). 

Therefore, removability of pi wille be a consequence of the following proposition 5.4, proved 
below, and of Theorem 5.10 below. This is the main technical part of the article. This 
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proposition provides extension outside a thin set £^$^ which is studied below and which hves 
in an open (wedge) set W of C"^"*"". 

5.4. Proposition. Let M be generic, C'^'°' -smooth, letpi e M , let E c M be a closed subset 
with l-Li~^{E) = 0, let pi E E and assume that there exists a one codimensional generic C^- 
smooth manifold Mi C M such that E C Mf and let u be a neighborhood of M\E in C"^+"-, 
Let A G C^'^(A) be a sufficiently small embedded analytic disc attached to M, A{1) = pi, 
^|e=o^(e^^) = vo e Tp^Mi, with A{h/\\{1}) C M\Mi . Then for each e > Q, there exist 
vqq G Tp^Mi with |foo — "Wol < £, "^oo ^ T^^M , a wedge W of edge M at (pi, Jfoo) and a closed 
set £q,j^ which is C^'" foliated by complex curves with 7i^™"'"^"~^(£^$^) = such that for every 
holomorphic function f G 'H{ijj) there exists a function F G Ti.{uj U (Vy\^$^)) with F = f in 
the intersection o/ VV\£^<j,£, with a neighborhood of M\E in C™"*"". 

Remark. For any e > 2, we obtain statement 5.4 above for 7i'^~'^{E) = with ?i^'^"^^"~^^^(£^$^) 
{Ti'^^'^^E) = is crucial for isotopies, see 5.8 below). 

Step three: Maximal families of analytic discs. This step consists in including the above 
analytic disc in a very large parameterized family of analytic discs obtained by varying the W 
component, and its approximate radius, the base point ^4(1) = p in a small neighborhood of 



0, and the point A{-1) in uo (pf, ^ 

Let n = fj,{y,w) be a C°°, R-valued function with support near the point (?/(— 1), w(— 1)) 
that equals 1 there and let k, : R" — > R*^ be a C°° function with ^(0) = and /t'(0) = Id. 
We can assume that the supports of fi and n are sufficiently concentrated in order that every 
manifold Mj with equation 

(1) X = H{y, w, t) = h{y, w) + K{t)iJ,{y, w) 

is contained in uj and the deformation is localized in a small neighborhood of A{—1) in C™"'"'^. 
Let X = x(C) be a smooth function on the unit circle supported in a small neighborhood of 

We consider the disc with W component 

Wr,a,pAO = (e*"(Pl - PC) + W'l, (1 - Oaip/Pl + W^,, ..., (1 - Cym-lP/Pl + <), 

where a G C™""^ runs in a small neighborhood A of 0, < p < pi, w^ & C™", a point p ^ M 
runs in a neighborhood of is represented by its coordinates {w^, y^) and with Y component 
Yt,T,a,p,p which is the solution of Bishop's equation with parameters 

Yt,T,a,p,p = TiH{Yt^r,a,p,p, e'^(pi - pC) + uJi, (1 - Qaip/pi + u;^, ..., (1 - Qa-m^ip/pi + ^m. tx) + 2/°, 

which exists and depends in a C^''^-smooth fashion on (t, r, a, p,p, (), for all < j3 < a. Then 
A,T,a,p,p(l) = P- When r = 0, a = 0, p = pi and p = 0, simply denote A,o,o,pi,o by At. 

Let us recall that the normal deformations of A near ^(—1) in u can be chosen in order 
that the inner tangential direction —dAt/d({l) will describe a whole open cone in the normal 
bundle to M at A{1) = 0. 

Let n denote the canonical bundle epimorphism LI : TC'""'""|m — > TC"^~^"'\m/TM and 
consider the C^'^ mapping 

(2) D: R" 9 i ^^ n ( -?^(1) ) e ToC™+"/ToM ~ R". 
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We refer to |]T6|] for a proof of the following. 

5.5. Lemma. (Tumanov |^). x can be chosen such that rk -D'(O) = n. 

This statement is more or less equivalent to the fact that the union of the discs describes 
a wedge of edge M at 0. We also have: 



5.6. Lemma. ([16]). x can be chosen such that the following holds: there exist tq > 0, T a 
neighborhood of in R" and A a neighborhood of in C*""^ such that the set 

(3) ro = { /^*'^^^""'° (i); s>o,teT,Telr„aeA} 

is a (2m + n)- dimensional open connected cone with vertex in TqM . 

For convenience, we shall allow us to shrink any open neighborhoods arising in the next 
constructions without explicit mention. By reasons of rank, the geometric meaning will be 
clear for sufficiently small parameters. 

Step four: Isotopies. The main hypothesis so far is 7i'^^'^{E) = 0. Boundaries of analytic 
discs At^T,a,p,p{bA) are embedded C^'^-smooth copies of S^ in M, so one expects naturally that 
AtT-,a,p,p{bA) n E = ^ generically. Furthermore, an isotopy property is required as stated in 
Proposition 5.2, in order to have that Hi^uj) extends holomorphically to V{AtT-,a,p,p{^))- 

To prove an isotopy lemma, we recall briefly some facts concerning Hausdorff measures, 
taken from the very clear exposition of Chirka |[I|] . 

Let E be an arbitrary subset of a metric topological space. For 6 > 0, define 

oo oo 

Ti-^E) = inf {^ rj; E is covered by [J Bj, Bj = balls of radius Vj < 6}. 
j=i j=i 

Clearly, HUE) < ni>{E), for 6' < 6, so the limit n'{E) = lims^oHUE) exists in [0, oo] and is 
called the s-dimensional Hausdorff measure of E. The important property is that there exists 
a critical 7 > 0, the so-called Hausdorff dimension of E, such that 1-C^{E) = cxd for all s < 7 
and ^{E) = for all s > 7, and the value of 1-C{E), if in (0, 00), is not important. 

This notion of dimension especially applies in the category of C^ manifolds. Let M and N 
be connected real riemannian manifolds, of class C^, dim M = d>l and let ii^ C M be closed. 

5.7. Proposition. ([I, 346-352). (i) H^{E) = Card{E); 

(ii) T-C^ coincides with the outer Lebesgue measure on M; 
(in) IfW^-^iE) = 0, then M\E is locally connected] 

(iv) Let IT : M ^ N be a C^ -smooth map and let E G M such that W{E) = 0, for a 
s>e= dim N. Then H'-^E n Ti'^iy)) = for d\N-almost all y e N. 

Properties (i), (iii) and (iv) are naturally involved in the proof of the following. 

5.8. Lemma. Let E C Mi be a closed set with 7ii~^{E) = {). Then for all small [t^r^a^p^p], 
each disc with At^T,a,p,p{bA) fl -E = is analytically isotopic to a point in M\E. 

Proof. During this proof t, r, a and w\ are fixed. Then there exist < pi, Ip^ = (0,pi), a 
neighborhood V* of in C^r^, w* = {w2, ..., Wm) and a neighborhood T of in R" such that 
the mapping (note that p is parameterized by (w^, w°*,y°)): 

SxbA = Ip,xV*xbA3 (p,w;0*,/,C) ^ A,r,a,p,p(C) e M 
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is an embedding. Indeed, this follows by differentiating Bishop's equation, noting first that 
dY^flfiflfi/dy^ = Id, dWo,o,o,o/dw^* = Id, that Ip, x bA 3 (p, C) ^ [pi - pQ e C is an 
embedding and recognizing that At^r,a,p,p{0 is C^'^ with respect to all variables. This exhibits 
a foliation of an open set in M by C^'^ real discs 'Dt^r,a,p = l^traw'-'' s^ ^ = {w^*, y^), where 

1^t,r,aMls = {At,r,a,pAC) ^ M; < p < P2, C ^ bA}. 

Now, since n'^~'^{E) = 0, the set 

S\SE,t,r,ayi = {seS; 7^°(Pt,,,„,^.,, n ^) = 0} 

is a full measure (d — 2)-dimensional subset of 5 = Jp^ x V* x 3^ ~ R'^^^, by Proposition 5.7 
(iv). This shows that ^i,r,a,u)0,s H i? = for rfA^-almost s = {w^*, y^) G S, where t, r, a and w^ 
are fixed. Clearly, the mapping 



/,, u {0} X A 9 (p, C) ^ At,r,a,pAQ e 0'"+'^ 

yields an analytic isotopy of the analytic discs ^t,r,a,p,p(C)) for all < p < pi, provided 
s G S\SE^t,T,a,w"- It remains to show that discs such that At^r,a,p,p{bA) fl -E = but 

A,r,a,«,o,. n E ^ 

are also analytically isotopic to a point in M\E. But 'H'^~'^{Se ^^^^o) = 0. Therefore, it 
suffices to shift slightly the parameter s of ^t,r,a,p,«iO,s i^i s^- nearby parameter s', which makes 
At,T,a,p,w'-\s ^^^ A,T,a,p,«;0,s' isotopic to each other, so that ^(,r,a,«)0,s' H -E = 0. 
The proof of Lemma 5.8 is complete. 

Step five: Holomorphic extension. Let foo G TqMi with foo ^ TqM and |wo — fool < £, let C be 
a n-dimensional proper linear cone in the (2m + n)-dimensional space TqM and contained in 
Fi such that foo G C, such that the projection TqC -^ TqM/TqM is surjective and such that 
C n T;^M = {0}. Fix p = pi and set first p = 0. Note that A,r,a,pi,o(l) = 0. Let Vc denote 
the set of parameters 

Vc = {it,T,a)eTx /,„ X A; ^ A,r,a(l) G C7}, 

which is a C^-smooth (n — l)-dimensional submanifold of T x /^^ x A. We choose a nearby 
piece of a manifold, still denoted by Vc, with same tangent space at which is C^-smooth. 

Let K (Z M he a germ of a C^-smooth one-codimensional submanifold of M with G -ft' 
and TqK © R^A(l) = TqM. Let /C be small neighborhood of in K. By Ai, we denote a 

small neighborhood of 1 in A and AiC A its interior. 

One observes that a consequence of the isotopy property 5.2 and of the fact that the 
mapping 

Vc X {pi} X /Cx Ai9 (t,r,a,pi,p,C) ^ A,r,a,pi,p(C) e C™+"\M 
is a smooth embedding is that 7i(cj) extends holomorphically into the open wedge set 

Wvc = {At,r,a,pupiCy, it,T,a) G Vc,pelC,CeAi} 
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minus the set 

Ej,^ = {At^r,a,p^,p{Cy, {t, T,a)eVc,p eJCn $, A,,,„,p,,p(6A) n E ^ 0, C gAi}. 

Indeed, since the mapping remains injective on Vc x {pi} x /C minus the set ^e C Vc x 
{pi} X /C of (t, r, a, pi, such that the boundary disc meets E at one or more points, we can 
set unambiguously 

1 /■ / o A,T,a,piv) 



F{z):=— - ^-'-'"/-''M r^ 

as a value at points z = A,r,a,pi,p(C) for an extension of /|m\_b, for such (t,T,a, pi,p) G 
^c X {pi} X /C\<l>£;. Since / extends holomorphically to the interior of these discs, we get a 
continuous extension E on each At^r,a,pi,p{^i), {t,T,ci, Pi,p) G Vc x {pi} x IC\^e- Thus, the 
extension F of /|m\s also becomes continuous on 

(Wp^\^*J U (M\E), 

where S^^ is the proper closed subset of yV^c defined by 

o 

^*B = {A,T,a,piAOi {'t,'r,a,pi,p) G $B,C GAi}. 

Since /|m\b extends analytically to a neighborhood of At^T,a,pi,p{^), E is holomorphic in 
(yV-P(.\£^$g). Indeed, fix a point (t, f, a, pi,po) G Pc x {pi} x (/C\<l>£;) and let P x {pi} x ^ 
be a neighborhood of (t, f, a,pi,po) in "^c x {pi} x (/C\<I>£;) such that for each (t,T,a, pi,p) G 
P X {pi} X /C, A( ,-a p^ p(A) is contained in some neighborhood u of A^.^ ^^^^^^(A) in C'"^"' such 
that there exists a holomorphic function / G ?i(a)) with / equal to / near A^-^^^^ pj|(6A). Let 

C GAi and z = ^f,f,a,pi,po(C)- To check that the previously defined function E is holomorphic 
in a neighborhood of z, we notice that for z = At^r,a,p{Oi {^■•'Ti^^-, Pi)P) G P x {p{\ x /C, (^ in 
some neighborhood Ai of C, in Ai, f{z) is given by the Cauchy integral formula 

•'^ ' 2mkA r]-C ' 2m JbA r] - ( ' ^ ^ 

As a consequence, f{z) = E{z) for z in a small neighborhood of z in C™^", since the mapping 
(t, r, a,p, C) 1-^ At^T,a,pi,piC) from P x £ x Ai to 0™+" has rank 2n at (t, f, a,po, (). 

This proves that E is holomorphic into W-p^\^$^. 

By shrinking uj near 0, which does not modify the possible disc deformations, we can insure 
that u n yVpfj is connected, since C fl TqM = {0}. By Lemma 5.9 below the same is true for 
ujnyV-pfj\£q>j^. Indeed, the fact that £$^ is of zero (2m + 2n — l)-dimensional Hausdorff measure 
implies such connectedness. Therefore / G 7i(c<j) and E G 7i(W-pp\£^$g) stick together in a 
single holomorphic function in a; U (W-pp\£^$g), since both are continuous up to M\E, which 
is a uniqueness set, and coincide there. 

5.9. Lemma. The set £^$^ is a union of complex curves and 7Y^'"+^"^^(£^<j>^) = 0. 

Proof. Namely, near the origin, 

^*B ~ U ^t,r,a,pi,p(Al). 

{t,T,a,pi,p)e^E 
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Fix t E C, T and a, consider the sets 

Mt,r,a = {A,r,a,pi,p(C); P ^ >'C,C GAl}, 

depending on t. Then Wp^ is fohated near by the manifolds Mt^T,a, dim Mt^T,a = 1 + dim M, 
that contain M in their boundaries near and M is fohated by the arcs At^T,a,pi,p{'^i H 6A). 
Notice that At,r,a,pi,p{^^)^E = A,r,api,p(&AnAi)nE by the choice oi A = Aq with A(l) G Mi, 
^(6A\{1}) C Mj^yMi, by i? C Mf and by continuity. A direct apphcation of Proposition 5.7 
(iv) entails that, for all fixed (t, r, a), the set 

ICE,t,r,a = {pelC; At,r,a,p^Ab^ H Ai) H E ^ 0} C /C, 

contained in the {d — l)-dimensional manifold /C, satisfies 

'H " {JCE,t,T,a) = 0. 

Therefore, 'Uf'{ME,t,T,a) = too in Mt^r,a and since W-p,-, is regularly foliated by the Mt^r,a, 

(t,r,a)G-Pc 

The proof of Lemma 5.9 is complete. 

Remark. By Proposition 5.7 (iii), the set IC\)CE^t,T,a is connected. This provides another 
proof of the isotopy property Lemma 5.8. 

A closed set £ contained in an open set W C 0™"+" with '}-{^2m+2n-i f^g^ _ g i^gj^g ^qi^ 
automatically removable, we must study the structure of £^$g with respect to the local complex 
structure of W. 

The hypersurface case. Let us first give a proof for removing ^^^ in the case m = n = 1. To 
begin the variations on this theme, recall that £^<j,g would be removable if 7i^'""'"^"~^(£^$g) = 0, 
which completes the proof of Theorem 5.1, (ii). 

Theorem, (see ||l|). Let £ be a closed subset of an open set hi C 0™"+", m + n > \, with 
'^2m+2n-2 ^g^ _ q Then, for every function f G Ti.(U\£), there exists a function F G HiU) 
such that F = f in U\£ . 

Proof. We can, by localization, assume that U = P is the unit polydisc A™"'""' and that 
E £. Let G{k,m + n),0<k<m + n, denote the grassmannian of /c-dimensional complex 
planes passing through the origin in C'""'"'^. 

Proposition. {^). Let £ be a closed subset in A^^" such that H'^^^^{£) = for some 
integer k < m + n. Then for almost every plane L G G{m + n ~ k,m + n), 7i^{£ n L) = 0. 

Choose therefore a complex line L through E £ such that 7i^{L fl A'"^" r\£) = and an 
orthogonal complex {m + n — l)-dimensional space H, H (B L = C"^"^". By Proposition (iv), 
for almost all h e H, {h} x Ln£ = 0. Write A^ = L n A™+", choose a point p G A^ n g {e.g. 
0) and draw a small complex disc Al{p, tq) of radius ro > and center p with Ai(p, r^) C A^. 
For almost all r < ro, bAi{p,r) fl £^ = 0, still thanks to Proposition 5.7 (iv). Furthermore, 
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^l{p, r) + h G A"''^"-\S for arbitrarily small h E H. Therefore, such a disc yields removability 
of p for H(A'^+"\£^) along an obvious isotopy. 
The proof is complete. 

Proposition. Let J and K he closed subsets of A with H^iJ) = T-l}{K) = and set £ = 
{J X A)n{Ax K) C A'^. Then £ is removable for n{A\£). 

Proof. Fix / e n{A'^\£). For all C2 G A\K, one has A x {(2} C A'^\£. For C2 e K, 

(A X {C2}) n ^ = (A X {C2}) n (J X A) = J X {C2}, 

so 7i^(A X {C2}) n -E) = and / is holomorphic near each point (Ci, C2) G A x {^2}\^- There 
exists A2 G C arbitrarily small with A x {(^2 + A2} C A'^\£. Applying Proposition 5.7 (iv), we 
have 7i^{rbA x {(2} r\£) = for almost all < r < 1. In other words, rbA fl £^ = 0. For such 
r, the continuity principle along the family (s, C) '-^ (^C? (1 ~ ^)-^2 + C2); < s < 1, makes 
an extension of / in a neighborhood V(rA x {C2}) C A^. Notice that V(rA x {C2}) H A^\£^ 
is connected, since A^\(A x K) and A^\(J x A) are connected, by Proposition 5.7 (iii), so 
uniqueness is guaranteed. 
The proof is complete. 

Remark. The argument above relies upon two facts: 1. Almost all complex discs lay in 
A^\£^; 2. Every disc touching £ satisfies H^{A (!£) =0. 

These preliminaries provide us with a proof of Theorem 5.1 in the case that M C C^ is a C^'" 
hypersurface. Indeed, the a-space in the maximal family of discs is empty and we can choose 
small (ti,ri) and (t2,T2) so that Vi and V2 are linearly independent, Vi = d/d9At-^,j-i,pi,o{^) and 
V2 = d/d6At^^r2,pi,o{^) so that vi and V2 point out in the same side of TqM relative to TqM 
and fi,f2 ^ TqM. This is clearly possible, by Lemma 5.6. Simply denote these two families 
by Ai^p{Q and A2^p{C,)- Then, since the normal bundle to M is of rank one and since Jfi, Jv2 
point in the same side of M in C^, the two following wedges (same one-sided neighborhood) 
with edge M at 

Wi = {Ai,p(Ai); p e /C}, W2 = {^^(Ai); pelC} 

contain a side W of boundary M at 0. As above, one can construct two holomorphic extensions 
Fi and F2 of / to Wi\£^i and W2\^2 respectively, where £1 and £2 denote the sets corresponding 
to the discs touching E: 

£^ = {Ai,p(C); p G /C, C GAi, A,p(&A n Ai) n F ^ 0} 

and similarly for £2. By Proposition 5.7 (iv), the one-dimensional Hausdorff measure of <^j = 
{p G IC; Aj^p{bA)nE ^ 0}, j = 1, 2, is zero. Indeed, recall that A{\)A)^E = A{bAnAi)nE for 
such discs with p very close to (in comparison with the size of Ai) and that {A j^p{b An Ai); p G 
JC} foliate a neighborhood of in M. 

Let z E W C Wi n W2 such that z E £1 or z E £2, say z E £1, z = Ai^p^^^^^d^z) and 
z = ^2,p2,z(C2,z)- Notice first that there are arbitrarily close to pi^z points p E IC such that 
Aip{bA) C M\E. Second, since ^i,pi ^ and ^2,p2z are transversal in C^ at z (by the choice of 
("^1, "^2)), for all points p varying in a neighborhood V(pi,z) C /C, the discs ^i,pi_^ ("1^2,^ = {z{p)} 
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intersect transversally in a single point z{p) such that z{p2^z) = z and V(pi) 9 p ^— > z[j)) G 

o 

^2,p(Ai) is a local C diffeomorphism. But only for p G £"2 is the disc A^^p not analytically 
isotopic to a point in M\E and 7^'^ (£^2) = 0. Thus, this shows that F is already holomorphic at 

o o 

each point of V{z) fl Ai^p^^{Ai) outside a thin closed subset ei C Ai^p^^(Ai) with 7i (ei) = 0. 
Now, there exists a small circle contained in this disc not meeting ei and the isotopy used 
in the proof above can be applied once again in this analogous context to prove that z is 
removable for F G l-L{W\{Si n 82)). 

Remark. A general proof in the hypersurface case {i.e. for m > \) follows along the 
same lines as above or by reduction to C^ by slicing and using a separate analyticity theorem 
like, for example, Shiffman's theorem below (see Chirka and Stout, [^, Section 4, for related 
reductions). This completes the proof of Theorem 5.1 (i). 

End of proof of Theorem 5.1. By construction, there exists F G 7i{ijj U {W-p^\£q,^)) 
extending /. Let A be a disc in the family generating W-Pc ^^"^ assume that A{bAr\Ai)r\E 7^ 0. 

o 

We shall remove A(Ai). Notice that, by construction, A{h/S. fl Ai) ^ E. 

o 

There always exist a point p = A{Cp), (p GAi, such that p E bu D £^$^. Simply denote 
W = Wp^ and £ = Wv^\{uj U (Wp^\£<j,^)), F G n{W\£). 

By imitating the first step reduction, we can assume (see the explanation below) that, after 
perharps changing p, there is a germ of a one-codimensional manifold Mi such that p G Mi 
and the remaining part of £ to be removed is contained in a half-space Mf . 

Indeed, a neighborhood UoipinWis foliated by discs of the family generating the wedge 
W (= yVvc) ^^^ these analytic discs are integral real surfaces of a subbundle, say K, of TW, 
which they span. In this neighborhood, one half of each disc lies in uj (lU, the other half is 
outside u and all discs are transversal to bu (assuming, from the beginning, that huj\M is 
smooth after shrinking uj). 

o 

Furthermore, since A{h/S. fl Ai) (^ E for each disc of the family (hence v4(Ai) fl u; 7^ 0), 
setting £ = Wp^X^uj U (W-p^\£^$g)), one has that W and yV\£ are ii'-minimal, i.e. both are 
a single if -orb it. 

This is a key geometric fact (c/. lTl|, ||l5l, ^^, [|l^ and 5.1 here). 

Then after introducing a similar set A as in Step one, and after making use of the differential 
geometric lemma quoted in Step one, we remove a point p = A{(p) G bu and the other ones 
are removed similarly. 

To complete the proof of Theorem 5.1 (iii), let us recall that if M is real analytic, it is 
known by works of Bloom-Graham or Baouendi- Rothschild that there exists a real analytically 
parameterized family of analytic discs attached to M as At^r,a,p,p filling a wedge at the base 

o 

point so that the foliation of W by pieces of A(Ai) is a real analytic foliation. Furthermore, 
contrarily to the globally minimal case, it is superfluous to deform M step by step after 
removing points of E, since 1. M is already minimal at every point and 2. The isotopy lemma 
5.8 holds without assuming that E is contained in a half-space M^ . 

5.10. Theorem. Let U C C™'*'" he a domain {connected) equipped with a C^ foliation by 
complex analytic curves and let £ G U be a closed subset which is a union of leaves, with 
'j^2m+2n-i^g^ _ q Thcn a function F G 7i{U\£) extends holomorphically in a neighborhood 
of a whole leaf A whenever F extends holomorphically through a single point of A. 
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Remark. When m = n = 1, we provide a proof below that S is removable for a C^'" foliation 
in Theorem 5.13 below. 

Proof. After the above reduction, the geometric assumption is: there exists a neighborhood 
U oi p which is foliated by complex analytic curves, U = [jg^jyAg, D C i^2m+2n-2 ^^aall open 
set, there exists a closed set ^ C -D with 7Y2™+2n-3(^^^ _ g (^corresponding in the proof of 
Theorem 5.1 to the discs attached to M which meet E) and the set S to be removed (in 
W = W near p) is a union of half discs, S = Ueee ^0' where Ag = Ag (1 Mf . 

5.11. Proposition. Let lA C C"*^" he a small open set C^ -foliated by complex curves 
Ag, U = Ug^D^e, e U, D C i?2m+2n-2 ^^^^^ Q ^ D , Ict Q C D bc a closed set with 
^2m+2n-3(^) = 0, Ict Mi bc a C^ hypcrsurfacc through mU with TqMi + TqAq = ToC™+" 
and set S = {[jg^g Ag) fl Mf. Then there exists a neighborhood V of such that for every 
function f G TC(U\S), there exists a function f G 7i(V) with F = f in V\S. 

Proof. It is not true that the foliation of W by discs of the foliation is a complex analytic 
foliation, i.e. locally equivalent to C x C"*"''""^ after a biholomorphism. Neither in 5.10, 5.11. 
Nevertheless, let us first investigate geometrically this case. 

The case of a holomorphic foliation. Here, the geometric situation is that there exists a smooth 
hypersurface Mi through and a closed set Q C A™+"'^ with 7Y2™+2n-3(^^ ^ q g^^j^ ^-^d^^ 
£ = Ml n (A X ^) near 0. Indeed, one just straightens the holomorphic foliation. 

Notice that by Proposition 5.7 (iv), for almost all two-dimensional afiine complex planes 
L = C X C, L n (C X ^) = C X ^i C C X C for a closed set ^l C C with H^Ql) = 0. Hence 
we are in the following situation (a particular case of Proposition 5.11). 

5.12. Lemma. Let U be a connected open set in C^^, E U, let Mi d U be a closed 
hypersurface, G Mi, TqMi © R„ = TqC^, u = Re w, and let £ = {C^ x E)nUn M^ be 
closed, where E G Cz is closed and T-Cl^^{E) = 0. Then there exist a neighborhood V of such 
that for every function f G 7i{U\S), there exists a function F G 7i(V) with F = f in V\S. 

Proof. Notice that T-l^{S) = 0. Define Byj{() = {w,r(), \w\ small and r > 0. By the fact 
that 1-0'{E) = 0, then for almost all r > 0, the boundary of the disc ( ^-^ r( does not meet E. 
Hence also B^{bA) n £^ = for such r > 0, because S C C^ x E. Fix such r. Then all B^ 
for different w are analytically isotopic to each other in U\S, Bq{0) = and, moreover, Bu is 
analytically isotopic to the point {u, 0) in U\S if -u > 0. Therefore is removable. 

The proof of Lemma 5.12 is complete. 

For general m + n > 2, the above constructed isotopies lay inside a fixed complex plane L, 
so that the continuity principle in C'""'"" applies, giving holomorphic extension at 0. 

Remark. The C^'" (even C^) foliated version of Theorem 5.10 admits a proof in C^ that we 
give below. 

5.13. Theorem. Let U G C^ be a domain equipped with a C^ foliation T by complex analytic 
curves. Further let S be a closed union of leaves with 7i^{S) = 0. If a function f G 7i{D — 8) 
admits a holomorphic extension into the neighborhood of some point p G 8, then it extends 
analytically into a neighborhood of the leaf L containing p. 

Proof. Let L' be the set of all points z G L such that / extends holomorphically into a 
neighborhood of z. As all such extensions obviously fit together, it is enough to show L' = L. 

22 



Let us assume U ^ L. Clearly L' is an open subset of L with respect to the leaf-topology. 
Fix a point q on the relative boundary of V . In a neighborhood U oiqwe choose a holoniorphic 
function z with z{q) = 0, dz{q) ^ 0, such that the curve {z = 0} intersects the leaf L 
transversely in q . Hence 7i^{S Cl {z = 0}) = (after contraction of U), and we may draw a 
simple closed curve •yo C {z = 0} surrounding q and avoiding £^ fl {^ = 0}. 

If we choose 70 in a small neighborhood of q, we get a family of contours 7,^ C {^ = 
C} — S, Id < e by flowing {i.e. moving) 70 along the foliation. By hypothesis, for an open set 
of parameters (, the restriction of / to {2; = (} is holomorphic near the closure of the domain 
G^ surrounded by 7,^. As / is holomorphic near U|f|<£7c5 it extends by the continuity principle 
to a neighborhood of [j\(;\<eG(y ^^ contradiction to the choice of q. 

The proof of Theorem 5.13 is complete. 

Remark. However, the reduction to C^ is impossible for a general C^'" foliation, since there 
need not be families of complex surfaces foliated by complex curves of the foliation. Therefore, 
5.13 in C^ does not provide 5.13 for any C™"'""'. 

The case of a real analytic foliation. Here, we shall use a separate analyticity theorem due to 
Shiffman. A subset Q of a polydisc /\"^+"--'^ is said to be a full subset of A"^"^""^ if D n Q is a 
set of full measure in D for almost every coordinate disc D C A™+"^^. 

Theorem. (Shiffman, 0). Let A™+"-i cc 0™+"-^ be a polydisc and let Q c A™+"-i be 
a full subset of /SJ^^'"-'^ . Then a function F : Q —>■ C has a holomorphic extension to A"*^"^-'^ 
if and only if, for almost every coordinate disc D C /\j^+'^-^ ^ F\or\Q extends holomorphically 
to D. 

First, p = in coordinates (w, z) G C x C™"*"""^, w = u + iv, with C x {0} = TqAq and 
TqMi = {u = 0}, TqMi = {u < 0}. There are, in the whole the grassmannian of afiine 
complex lines passing near in W, the lines a + h{LQ), a G {0} x C"*"'"'^"^ close to 0, with 
h G GL{m + n, C) close to Id, where Lq = C^ x which are cut by Mi in two pieces. Draw a 
small enough analytic disc B{() = {c{( — l) —b, 0), C ^ ^) inside Lq, with c > small and fixed 
throughout, with b > 0, b « c and define Ba^h{() := a + hoB{() so that Ba^h{^) C a + h{Lo). 
Notice that for small \a\ « c, \\h-Id\\ « c, then Ba,hibA)r\M{' C Ba,h{bAr\Ai), for fixed 
Ai = {!(■ — 1| < ci}n A, with ci = c/5 say. (In other words, the boundaries Ba^hip/S) can meet 
E only along a fixed part of their boundaries.) And notice that for fixed h, c then 1J„ Ba,h{A) 
makes a holomorphic foliation by complex discs with the origin point in its interior. Varying 
h, to apply Shiffman's theorem, it suffices to show that for almost all a G C™"^""^ close to 0, 
a fixed function F G H(U\£) extends holomorphically to i?a/i(A). 

Clearly, if c is small, 5„,/,(6A) n M^ C 5„,h(&A n {|C - 1| < 5b}) for all a,h, so that 
Ba,h{bA n Ai) is much longer than its intersection with Mf. 

Let El = {j^Ba,h{b/S. fl Ai). The hypersurface Si is transversal to the real foliation, hence 
y2m+2n^2^^_^ H f ) = 0. Hcuce by Proposition 5.7 (iv), for almost all a, 5^,ft(6A n Ai) n ^ = 
(by the property T-(.^{Ba^h{bA fl Ai)) = 0). In other words, for almost all a, Ba^h{bA) n £ = (/). 
To complete the proof of Theorem 5.10, the remaining point is to isotope the boundaries 
Ba^hipA) analytically to a point inside U\£. 

By the foliation assumption, there exist some real analytic coordinates (u, f , x) so that 
lA = R^^ X j^2m+2n-2 ^\^qj-q^ {u,v) are real coordinates in general distinct from (Re w,lm. w)) 
such that the sets R^ ^ x {at.} correspond to discs of the foliation and £ = Mi x (R^ v^Q)- W^e 
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can assume that the Jacobian matrix of the change from the holomorphic coordinates {w, z) 
to (m, w, x) is the identity at the origin (so that u and v are close to Re w and Im w). 
Denote 7^ := Ba^h{bA fl Ai) and set 

Sa,/i = {p + u eU; p e^B, -56 < M < 56} 

in these real analytic coordinates and come back to the original holomorphic coordinates. 

Then S^ /^ is a piece of a C^-smooth surface near with the property that S^ /j fl £^ = 0. 
However, S^ /^ is not immediately seen to be a union of boundaries of analytic discs as in the 
case of a holomorphic foliation. 

Therefore, we shall apply a complexification argument. 

From the beginning, we can assume that h « c, \a\ « c, \a\ ^ h and \\h — Id\\ « \a\ 
also, since the set of such h still contain an open set in GL(m + n, C), which is sufficient 
to apply separate analyticity locally. Therefore, for all p G T^a^h-, the tangent space TpT,a,h 
(considered as a linear subspace of TqH'^™-'^'^"' is close to TqLq = C^ x {0}. Therefore, S^ /j is 
a graph over a domain Da^h contained in the w-space. Since the transformation from {w, z) to 
{u,v,x) is close to the identity in the C^ norm and since \\h — Id\\ and \a\ are very small, this 
domain Da^h C C^ is approximately the domain 

D := {c(C - 1) - 6 + Mo G C^; C e 6A, |C - 1| < c/5, -56 < mo < 56}. 

Anyway, by taking S^^/j a little bit larger, Da^h will contain D for all small |a|, \\h — Id\\. 

Hence there exist C^ functions Sj : D ^ C^ 1 < j < m + n — 1, such that Sa,/i is given by 
the equations Zi = Si{u,v), ...,Zm+n-i = Sm+n-i{u,v) as a graph over D. 

Notice that the domain D is foliated by the real analytic arcs 7„,) : 6A fl Ai 3 ( ^-^ 
c{C-l)-b + uoeD. 

We write them as [—d,d] 3 9 \-^ {uuo{0) , Vuo{0)) , with ( = e*^ and c/5 = je*'^ — 1|. Notice 
that by the disposition of Mi, if 11^ : C™+" -^ C^ denotes the projection, then 7r^(Mf ) fl 
7„q([— (i, (i]) = for 2b < uq < 56. Hence S^^/i is foliated by the analytic arcs r„„ : 6 \-^ 
{luo{0),Sl{uu^XO),Vu^X(^)),■■■,Sm+n~l{uu^XO),Vu^XO))) and for uq > 2, these arcs are far from 

Now, we complexify ^ in a complex variable G [— rf, rf] + i[— 56, 56] =: T such that 
Re 6 = ^. Since Uug, v^^^ and the Sj are analytic, such a complexification exists and 7mo(0) 
makes a biholomorphism from this strip T to a strip neighborhood of 7„g([— rf, d\) m D which 
contains, say, {luoiG) + u; 9 E [—d,d], —36 < u < 36} =: Duq. The domains of definition of 
the complexification are uniform since the piece Ila,h comes from the real analytic foliation, 
which can be supposed to be given by converging series in a fixed neighborhood of 0. By 
the implicit function theorem over Du^, we can replace r„g(0) by a parameterizing variable 

o 

w = r„g(0) so that r„„(T) will be a complex manifold of dimension one given by a graph 
Duo ^ w \-^ {w,ipi{w), ...,ipm+n-i(y'w)) G C™"'"" and which we will denote by Eu^- Notice 
that EuQ GG U. Therefore, for all Uq with < Mq < 56, E^o intersects Mi transversally and 

r„„([-rf,rf]) nMf c r„„([-56,56]). 

Now, inside the complex curve Eu^^, we can close-up the analytic arc Tu^H—djd]) outside 
Mf, making the boundary of an analytic disc Bu^ parameterized by uq, a part of its boundary 
being given by 7„y([— rf, d]) and the other part living in Mi\Mi. 
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Notice that, by construction, all the B^q for < -Uq ^ 26 are analytically isotopic to each 
other and that all their boundaries are contained in U\S. But Tq{D) is a piece of the disc 
i?a,/i(A) (recall that •jb is contained in T^a^h), so that Bq is analytically isotopic to Ba^h in W\^ 
(isotope their boundaries inside a + /i(Lo)\Mf ). And i?2b is analytically isotopic to a point in 
Mi\Mi. This yields the desired isotopy. 

The proofs of Theorems 5.10 and 5.1 are complete. 
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